Abstract Three-dimensional finite element analyses were performed to investigate different factors that affect the behavior of column supported embankments (CSEs) that are constructed using geosynthetic encased columns (GECs) as the deep foundation elements. Analyses were performed to study the influence of the geosynthetic encasement on the behavior of granular columns (GCs) in CSEs. Stress reduction ratios (SRRs) obtained from finite element analyses were compared to those calculated from ten different analytical solutions. Parametric analyses were also carried out to study the effect of variations in the stiffness of the encasement, the area replacement ratio, and the length of the geosynthetic encasement on the performance of CSEs. Finally, the sensitivity of the numerical results, particularly the lateral displacement of GECs, to the constitutive model that was used to simulate the behavior of the granular column material was examined. Numerical results showed that encasing a GC in a CSE not only improves the performance of the CSE but also enhances the behavior of the GC. No agreement was found between the calculated values of the SRR from finite element analyses and those from existing analytical solutions.
Notation a
Column diameter/width or pile cap diameter/width (m) (when there is no pile cap, a denotes the column diameter/width; in the case of a pile with a cap, a denotes the cap diameter or width). 
Introduction
Column supported embankments (CSEs) are a ground improvement technique used to overcome bearing capacity failure, large total and differential settlements, lateral spreading, and slope instability of embankments constructed over problematic soils. In recent years, CSEs have increasingly been used in highway or railroad embankments, roadway widening, and bridge approach fills. In CSEs, columns have the important role of transferring the surcharge and embankment loads from the ground surface to a stiffer underlying layer. A wide range of deep foundation systems, utilizing either stiff or non-stiff columns, can be used for CSEs. One of the major advantages of CSEs is that the designer is not limited to any particular column type and has flexibility when selecting the most appropriate column for the site conditions that are encountered. In very soft soils (e.g., those with undrained strengths less than 15 kPa), the use of granular columns can be problematic due to the lack of required lateral confining pressure, particularly in the upper portion of the column.
Different techniques have been proposed to enhance the performance of granular columns. Aboshi et al. [1] and Sharma et al. [56] reinforced the top portion of each granular column with a steel skirt and horizontal layers of geogrid, respectively. Rao and Bhandari [52] reported the use of concrete plugs or cement grout to prevent lateral bulging of the columns. Juran and Riccobono [23] suggested mixing the stone column material that is placed at the top of each column with cement. Another method that can be used to provide the required lateral confining pressure to increase the bearing capacity of granular columns is to encase them with a suitable geosynthetic to form geosynthetic encased columns (GECs).
Improved performance of GECs over conventional granular columns (GCs) has been verified using laboratory test results (e.g., [3, 4, 6, 15, 40, 45, 48, 57, 61, 62] ), by numerical analyses [5, 14, 26, 27, 29, 30, 46, 47, 50, 64] , and by full-scale load tests (e.g., [65] ).
This paper presents the results of three-dimensional (3-d) unit cell finite element analyses that were carried out to investigate the relative importance of different factors that affect the behavior of CSEs constructed using GECs. The improvement that is realized in the response of a CSE through encasing a GC is first investigated. Next, the influence of variations in the geosynthetic stiffness, the area replacement ratio (ARR), and the length of geosynthetic encasement on the performance of CSEs with GECs is studied. Finally, to examine the sensitivity of the numerical results to the constitutive model that is used to simulate the behavior of the encased granular soil, parallel analyses were performed using the Mohr-Coulomb and Single Hardening constitutive models.
Finite Element Modeling
Before embarking on the aforementioned parametric study of CSEs constructed using GECs, a "base configuration" of this boundary value problem must first be defined. As shown in Fig. 1a , a square spacing pattern for GECs was assumed in the research described herein. For columns in a square pattern with equal center-to-center spacing in both the longitudinal and transverse directions, the unit cell (a single column surrounded by the tributary area of soil) has a square geometry (Fig. 1b) . A 3-d finite element analysis is required to properly model this unit cell. Since it has two lines of symmetry (Fig. 1b) , only one quarter of the unit cell was modeled in the finite element analyses. An ARR (i.e., the ratio of the area of the column to the total area of a unit cell) of 20 % was selected for the base configuration. Assuming the column diameter to be 0.80 m, the resulting center-to-center spacing of the columns equals 1.60 m in a square pattern. The height of the embankment and the thickness of the soft soil and columns were both assumed to be 5 m. A rigid layer was assumed to underlie the soft soil and columns. A typical finite element mesh used in the analyses is shown in Fig. 1c . At the bottom boundary of the mesh, the displacements are set to zero in the z-direction. On the planes of symmetry, normal displacement is restricted.
The embankment, encased soil columns, and soft surrounding soil were discretized using three-dimensional hexahedral elements. The geosynthetic was represented by membrane elements. For both the embankment and columns, the granular soil was assumed to be loose Sacramento River sand. The granular materials were idealized using an isotropic linear elastic-perfectly plastic model with a Mohr-Coulomb failure criterion. The following Mohr-Coulomb model parameter values were used to characterize the granular materials: an effective friction angle (ϕ) equal to 35.0°, an effective cohesion (c) equal to 0.0, a dilation angle (ψ) of 0.0°, an elastic modulus (E) equal to 30,000 kPa, and a Poisson's ratio (ν) equal to 0.20. Kaliakin et al. [24] discuss the determination of these values from experimental data for loose Sacramento River sand from tests performed by Lee and Seed [39] . The unit weight of Sacramento River sand was assumed to be 20 kN/m 3 . It should be noted that the fill material above the columns can play a key role in transferring the embankment loads to the columns. As a result, well-compacted granular materials are usually recommended for the construction of embankments over columns. A detailed study of the influence of the fill material on embankment load transfer is, however, beyond the scope of this paper.
The soft soil was assumed to be normally consolidated Bangkok clay [7] , and was idealized using the modified Cam Clay model. Khabbazian et al. [33] investigated the effect of the soft soil constitutive model when numerically modeling CSEs constructed with GECs as the deep foundation elements, and concluded that the use of the modified Cam Clay model is preferable over the Mohr-Coulomb or linear elastic models for accurately capturing the behavior of the soft soil between columns. The specific model parameter values used to characterize the soil were determined by matching numerical model results with experimental data for soft Bangkok clay [7] . This soil classifies as a fat clay (CH), with a specific gravity (G s ) of 2.72, a liquid limit (LL) of 118±2 %, a plastic limit (PL) of 43±2 %, and a plasticity index (PI) of 75±4 %. The following Cam clay model parameter values were used to characterize the Bangkok clay: the slope of the swelling and re-compression line (κ) was equal to 0.09, the slope of the virgin consolidation line (λ) was equal to 0.51, the slope of the critical state line (M) was equal to 1.0, the void ratio (e) at a unit pressure of 1 kPa was equal to 2.0, and a Poisson's ratio (ν) of 0.3 was assumed. Finally, the unit weight of Bangkok clay was assumed to be 20 kN/m 3 . The geosynthetic was assumed to be an isotropic linear elastic material with a Poisson's ratio of 0.3 (e.g., [41, 47] ). Alexiew et al. [2] documented that design values of the encasement tensile modulus (J) between 2,000 and 4,000 kN/m were required for the geosynthetic used to encase granular columns on a number of different projects (J is also commonly referred to as the geosynthetic stiffness, e.g., [47] ). Consequently, a value of J=3,000 kN/m was used in the numerical simulation of the geosynthetic encasement in the base configuration. The thickness of the geosynthetic (t) was assumed to be 2 mm for all of the numerical analyses that were performed. Khabbazian et al. [28] and Khabbazian [27] indicated that using an isotropic linear elastic material that is capable of carrying both compressive and tensile stresses for encasement can increase the bearing capacity of GECs and adversely affect the shape of lateral displacement (bulging) of GECs. To properly account for the fact that the geosynthetic does not carry compressive loads, a "No Compression" option was used in the finite element analyses. This ensured that spurious compressive forces would not be predicted in the geosynthetic reinforcement. In all of the finite element analyses that were performed herein, no interface elements were used between the geosynthetic and the surrounding soils. This assumption is consistent with the modeling approach that has been used by a variety of other researchers in this area (e.g., [42, 47, 63] ).
All finite element analyses were performed using the program ABAQUS [19] . The finite element analyses were initiated by activating the initial stresses in the GECs and in the surrounding soft soil. The initial lateral earth pressure was assumed to be at an "at-rest" condition. The lateral earth pressure coefficient (K) was determined to be 0.5, using the empirical relationship proposed by Brooker and Ireland [9] ; i.e., K ο =0.95-sin ϕ. Initial deformations due to assignment of gravity to foundation soils were minimized by predefining vertical and lateral earth pressures within the elements of GECs and soft soil before activation of in situ stresses. After establishing the initial stress state, the embankment construction was simulated in a number of steps. The embankment loading was modeled by progressively assigning gravity to each 0.5 m thick layer of elements in the embankment. In all of the analyses, the excess pore pressures were assumed to have dissipated over time, i.e., the analyses were considered to be drained.
Influence of Encasement on the Performance of Granular Columns in a Column Supported Embankment
The use of GCs in very soft soils can be problematic due to the lack of adequate lateral confining pressure, particularly in the upper portion of the column. This typically serves as the prime motivation for using GECs, which tend to have a significantly improved strength and stress-displacement response over GCs when they are used in very soft foundation soils (e.g., [29, 30] ). In order to better understand the influence that encasing a GC has on the performance of a CSE, the "base" CSE configuration case was analyzed using both unencased columns (GCs) and encased columns (GECs), using the 3-d unit cell idealization. Figure 2 presents the average vertical stresses carried by both a GEC and GC versus the height of the embankment. For a given height, it is clear that the load transferred to the GEC is always greater than that transferred to the GC; this difference increases with the height of embankment. For example, for an embankment height equal to 1.0 m, the average vertical stress on top of the GEC is 1.3 times the comparable value carried by the GC. This ratio becomes 1.7 when the height of the embankment reaches 5.0 m. This is in agreement with the findings of others (e.g., [2, 4, 5, 29, 30, 48] ), who have shown that using a high-strength geosynthetic can significantly enhance the load-displacement response of granular columns; the encasement effectively makes the GC into a stiffer deep foundation element.
Since more stresses from the embankment are transferred to a GEC than to a GC, the surrounding soft soil in a CSE with GECs carries less vertical stresses than the soft soil below a CSE with GCs. This reduced stress level corresponds to smaller vertical displacements (settlements) in the soft foundation soil around a GEC than around a GC (Fig. 3 ). It is clear from Fig. 3 that substantially less vertical displacement of the soft soil occurs when GECs are used in place of comparably sized GCs. For example, for a 5-m embankment height, the finite element analyses indicate that the final maximum settlement of the soft soil in the case of the GEC is approximately 33 cm. This maximum settlement increases to 63 cm if traditional GCs are used in place of the GECs. These results help to quantify the benefits of geosynthetic encasement for granular columns that are used as part of a CSE system. In particular, the enhanced column stiffness that results from encasement significantly reduces the embankment settlement that occurs by improving the load transfer behavior to the underlying stiff foundation layer.
Also shown in Fig. 3 is the settlement of untreated soft soil (i.e., the original soft soil without columns) subjected to the embankment loads. It is evident that the inclusion of either GCs or GECs can significantly reduce the settlement of the soft soil.
Height of Embankment (m) To better illustrate the degree of improvement in the soft soil that is realized through the use of any type of ground improvement technique, a parameter called the settlement reduction ratio (β) is commonly used. The settlement reduction ratio is defined as the ratio of the settlement of the treated soil to the settlement of untreated soil [8] . The lower the value of β, the better the performance that has been realized due to ground improvement. Figure 4 presents the variations of β with embankment height for the soft soil that is improved by a GEC and a GC. The superior improvement that is achieved by the former over the latter is evident, as the settlement reduction ratio in the case of the GEC is consistently lower than that for the case of the GC. In particular, for an embankment height of 1.0 m the value of β associated with the GEC is 0.11, while the comparable value for the GC is 0.33. For an embankment height of 5.0 m, the values of β for CSEs with GECs and GCs increase to 0.29 and 0.55, respectively.
Effect on Stress Reduction Ratio
The stress reduction ratio (SRR), which is defined as the ratio of the average stresses on the soft soil to the average stresses applied by the embankment, is an important parameter in the design of CSEs. It has been observed that there is little agreement between existing analytical methods that are used to calculate the SRR (e.g., [20, 49, 58] ). In addition, no guidelines are available for the selection of a method that yields the most realistic SRR values. The Appendix lists a series of equations that have been proposed to date by a variety of researchers to calculate the SRR beneath a CSE. rigid piles experience much larger values of differential settlement between the columns and the soft surrounding soil than what is experienced by CSEs with either GCs or GECs. As a result, in CSEs with GECs, the "arching effect," which plays a key role in transferring embankment loads to the columns, is not as noticeable as in CSEs constructed with rigid piles. Furthermore, as the stiffness difference is greater between rigid piles and the surrounding soft soil than it is between GECs and the surrounding soft soil, more vertical stresses from the embankment material tend to be transferred to the rigid piles than to the GECs. & The average SRR from the analytical solutions is not in agreement with the results of the finite element analyses. For CSEs with GECs, the analytical solutions tend to significantly overestimate the value of SRR; however, for the case of GCs, they can significantly underestimate the SRR, particularly at the higher embankment heights. & Among the ten different analytical methods that were studied, the Guido et al. [16] and German methods yield the closest SRR values to those obtained from finite element analysis of the GEC. These two methods show the maximum difference with the SRR calculated from finite element analysis of GCs (except for at an embankment height of 1.0 m). & The disparity among the analytical solutions diminishes as the height of the embankment increases. & Except for the adapted Terzaghi 2, Guido et al. [16] , and German methods, all the other analytical solutions yielded SRR values that were fairly close to the geometric average values from all of the methods.
Effect on Lateral Displacement Figure 6 shows the lateral displacements of the GEC and GC when the height of the embankment is 5.0 m. As expected, the GC experiences excessive lateral displacement at the top portion of the column (i.e., up to a depth of about 1.0 m), after which the lateral displacement gradually decreases. In the case of the GEC, the lateral displacement is more uniform throughout the column. It should be noted that the stresses carried by the GEC are significantly greater than those in the GC (Fig. 2) , but the lateral displacement of the GC is always greater than that for GEC. From Figs. 3 and 6, it is clear that the use of a high-strength geosynthetic for confinement not only increases the strength of a granular column but also prevents lateral displacement of the column material into the soft surrounding soil. From Fig. 6 , it is also evident that the simulated lateral displacement of the GEC is somewhat oscillatory along the length of the column. This phenomenon does not have a physical explanation but, instead, is a manifestation of the material model used in the finite element analysis to characterize the encased soil in the GEC. A more detailed explanation of this phenomenon is presented in a subsequent section of this paper.
Parametric Study
In order to investigate the influence of variations in a number of the input parameters on the behavior of CSEs with GECs, a series of parametric analyses were next performed.
In these analyses, the value of a single parameter was changed from the "base" configuration; as this was done, all of the other parameters were kept unchanged from their "base" values. For interested readers, it is timely to note here that Khabbazian et al. [29] present a parametric study of factors that affect the performance of a singly loaded GEC, of the type that could be used for foundation-support applications.
Effect of Geosynthetic Encasement Stiffness
As discussed previously, the effect of column stiffness has a significant impact on the overall performance of a CSE system. By increasing the stiffness of the geosynthetic encasement in the GECs, it is possible to improve the overall stiffness of the GECs and consequently to improve the performance of the CSE. The influence of the GECs' geosynthetic encasement stiffness on the overall performance of the CSEs was studied by varying the GEC encasement stiffness from J=1,000 kN/m to J=10,000 kN/m (recall that the "base" value of J was 3,000 kN/m). The variation of settlement reduction ratios (β) versus embankment height for GECs with varying encasement stiffness is shown in Fig. 7 . For reference, the variation of β for the case of a GC is also shown in this figure.
Not surprisingly, as the stiffness of the geosynthetic encasement increases, β decreases, indicating improved performance of the CSE. The degree of improvement increases with the height of the embankment. For example, as the encasement stiffness increases from 1,000 to 10,000 kN/m, the settlement reduction ratio decreases by 24 and 36 % for embankment heights equal to 1.0 and 5.0 m, respectively. Figure 8 shows the effect that variations in J have on the lateral displacement of GECs for an embankment height equal to 5.0 m. For reference, the response associated with a GC is also shown in this figure. As J increases, the lateral displacement of the GEC decreases. It is also clear from Fig. 8 that even encasement with a relatively low value of J can significantly reduce the lateral displacement of GCs.
Influence of Area Replacement Ratio on the Performance of CSEs
As noted previously, the ARR is the ratio of the area of a column to the total area of the corresponding unit cell. Collin [13] stated that the ARR should be selected to be between 10 and 20 % for the preliminary design of CSEs. Han et al. [17] reported that the ARR for GRCSEs mostly ranged from 5 to 30 %. To investigate the effect that variations in the ARR have on CSE response, three CSEs were modeled with ARR values equal to 10, 20, and 30 %. During these analyses, all other parameters were maintained at their "base" values. Figure 9 shows the average stresses transferred to the top of the GECs for the various ARRs that were examined. As the ARR decreases (i.e., as the center-to-center spacing of the GECs increases), the embankment load carried by an individual GEC increases. This is logical, as there are fewer columns available to support the total load that is applied by a given embankment. The difference between the vertical stresses at the top of GECs with varying ARRs increases with the height of embankment. It is also clear from Fig. 9 that the difference between CSEs with ARRs of 10 and 20 % is greater than that for CSEs with ARRs of 20 and 30 %. For example, for an embankment height of 5.0 m, as the ARR decreases from 30 to 20 %, the average stress carried by the GEC increases by 38 %. However, as the ARR decreases from 20 to 10 %, the load carried by the GEC increases by 52 %.
The influence of variations in the ARR on the performance of CSEs can be more easily observed by examining the settlement reduction ratios (β) that result from these analyses (Fig. 10) . It is evident that variations in the ARR have a rather pronounced effect on the settlement reduction ratios. It is not surprising that the settlement reduction ratio increases as the ARR decreases. However, it is interesting to note the magnitude of the difference between the values of β when the ARR changes from 10 to 30 %. In particular, the decrease in β as the ARR changes from 10 to 20 % is significantly greater than the decrease in β when the ARR changes from 20 to 30 %. Comparing Figs. 9 and 10, it is clear that the effect of changes in the ARR is more pronounced on the values of the settlement reduction ratio (Fig. 10) than it is on the values of the vertical stress on the GEC (Fig. 9) .
Effect of the Length of Geosynthetic Encasement
As shown in Fig. 6 , significant lateral displacement (bulging) occurs in the top portion of GCs that are used in CSE construction. Hughes and Withers [21] and Madhav and Miura [44] have stated that bulging is the most common failure mode that occurs in the top portion of GCs. Consequently, for GECs used in CSE construction, it may be sufficient to partially encase only the top portion of the column, while still achieving essentially the same performance as for a fully encased column. Several researchers have studied the performance of partially encased columns (e.g., [29, 47, 48, [63] [64] [65] ). For single GECs, Murugesan and Rajagopal [47, 48] [29] concluded that the effectiveness of partially encased columns in achieving the same performance as fully encased columns is related to the level of loads that are applied at the top of the column. For GECs in group configurations (i.e., CSEs), Yoo and Kim [64] suggested that different optimum encasement lengths should be selected for shortand long-term loading. Yoo [63] performed finite element analyses and concluded that the critical encasement length depends strongly on the loading type (i.e., isolated column loading or embankment loading in CSEs). Yoo [63] also stated that full encasement might be required to achieve the maximum settlement reduction when using GECs in CSE applications. Yoo and Lee [65] conducted full-scale load tests on a single GEC and found that the critical encasement length of geogrid was 2-3D from the ground surface based on the measured hoop strains and recommended to encase at least the top 4D of the column to maximize the improvement from the encasement.
To investigate the influence that the length of geosynthetic encasement in the GECs has on the performance of CSEs, finite element analyses were performed with the length of the GEC encasement varying from 0.8 m (1D) to 5.0 m (fully encased). In these analyses, all other parameters were maintained at their "base" values. Figure 11 shows the vertical stresses that are transferred to the GECs with varying lengths of encasement as a function of embankment height. For comparison, the vertical stresses transferred to a GC are also shown in this figure. From  Fig. 11 , it is clear that the load carried by partially encased columns with a length of encasement of 2D or greater is equal to the load carried by a fully encased column. In other words, except for the partially encased GECs with a length of encasement equal to 1D, the portion of the embankment load that is transferred to the GEC is independent of the length of encasement. Figure 11 also shows that encasing a GC, even to a depth of 1D, can significantly increase the embankment load that is transferred to the column.
From the results presented in Fig. 11 , one could incorrectly infer that the performance of a partially encased GEC with a length of encasement of 2D or greater is exactly the same as for a fully encased column. However, both the load carried by a GEC and its vertical settlement must also be taken into consideration. To better understand the performance of partially encased GECs that are used in CSE applications, the stresses transferred to the GEC versus its vertical displacement under the applied vertical stress are shown in Fig. 12 vertical stress levels are connected to each other with dashed lines. As shown, for an embankment height of 1.0 m, the stresses carried by the GECs and their corresponding settlements are independent of the length of encasement. However, for a GC at an embankment height of 1.0 m, less stress is transferred to the column, yet the column still exhibits greater vertical displacement. As the height of the embankment increases, even though the stress transferred to the partially encased GECs with a length of encasement greater than 1D is the same, the settlement of the GECs increases as the length of encasement decreases. This difference between the vertical displacements of GECs with varying lengths of encasement increases with the height of the embankment. As a result, there is no unique value for the optimum length of encasement for achieving the same performance as fully encased granular columns. In other words, when GECs are used in CSE applications, the optimum length for the encasement is primarily dependent on the serviceability criterion (i.e., allowable vertical settlement) and, to a lesser degree, on the height of the embankment. Figures 13 and 14 show the lateral displacement of partially encased GECs (with lengths of encasement equal to 1D, 2D, and 3D), a fully encased column, and a GC for embankment heights equal to 1.0 and 5.0 m, respectively. For an embankment height of 1.0 m, the maximum lateral displacement of GECs with a length of encasement of 1D, 2D, or 3D is equal to that for a fully encased column. At this height, however, a GC experiences significantly greater values of lateral displacement than the GECs. When the height of the embankment equals 5.0 m, the maximum value of lateral displacement decreases as the length of encasement increases from 1D to 3D. However, after an encasement length of 3D, additional increases in the length of encasement do not change the maximum lateral displacement. From Figs. 13 and 14 , it is clear that encasement of GCs, even up to a depth of 1D, can considerably decrease their maximum lateral displacement. 
Effect of Encased Granular Soil Constitutive Model on the Lateral Displacement of GECs
Kaliakin et al. [24] and Khabbazian et al. [31] studied the influence of the granular soil constitutive model on the performance of GECs. They concluded that it is of utmost importance to accurately characterize the volume change that occurs within the encased granular soil when numerically modeling the stress-displacement response of GECs. For dense encased granular soils, they found that it is very important to properly account for soil dilation that occurs during shear. This can best be done by using an advanced constitutive model, such as the Single Hardening model [34, 37] , to characterize the encased granular soil. In contrast, for loose column materials, the particular constitutive model that was used to characterize the behavior of the encased granular soil did not show a significant effect on the simulated behavior of the GEC. Since the influence of the encased granular soil constitutive model on the behavior of GECs has been comprehensively studied before, it is not repeated herein. Instead, the effect of this model on the lateral displacement of GECs is investigated.
As shown in Figs. 6, 8, 13 , and 14, the predicted lateral displacement of a GEC typically does not vary smoothly with depth. Other researchers (e.g., [5, 12, 46, 51, 64] ) have also reported this somewhat oscillatory lateral displacement response when modeling the lateral displacement behavior of GECs. Castro and Sagaseta [12] attributed the fluctuations that occur in the lateral displacement to shear bands that develop within the column when a GEC yields under the applied load. Pulko et al. [51] stated that the variation of the lateral bulging of GECs is a consequence of column yield and strain localization in the finite element analyses. Almeida et al. [5] associated the variation of tensile forces along the length of a GEC to the behavior of dilating zones in triaxial specimens.
To examine the sensitivity of the lateral displacement of GECs to the constitutive model that is used to predict their behavior, analyses were performed using the Mohr-Coulomb and Single Hardening constitutive models to simulate the behavior of the encased granular soil. The Mohr-Coulomb model was selected since all previous researchers that have modeled the performance of CSE systems with GECs have elected to use this constitutive model for the encased granular soil; also, it is the most commonly utilized material model for granular soils in geotechnical engineering. The Single Hardening model was selected based on the findings of Kaliakin et al. [24] and Khabbazian et al. [32] , who both showed that more accurate numerical simulations of experimental data for triaxial tests on granular soils could be obtained using this more advanced constitutive model. The Single Hardening model [34, 37] is a rate-independent, work-hardening and softening elastoplastic model that is capable of simulating the behavior of different types of geomaterials subjected to a variety of loading conditions. For materials without cohesion, 11 parameters are associated with the model. The values of these parameters can be determined by matching the results of an isotropic compression test and three drained triaxial tests performed at different confining pressures. Isotropic elasticity is assumed in the Single Hardening model. Although ν is assumed to be constant, the elastic modulus is assumed to vary nonlinearly according to a hypoelastic relation [38] that involves the elastic model parameters M and λ. The failure surface employed in the Single Hardening model was developed based on extensive laboratory results for frictional materials [35] . It is characterized by values of two model parameters (η 1 and m). The model employs a non-associated flow rule. Both the plastic potential [34] and the yield function [37] were developed from the results of laboratory experiments. Both are characterized by the values of two model parameters (ψ 2 and μ for the plastic potential; h and α for the yield function). The model hardens and softens isotropically. This requires the values of two additional parameters (C and p). Khabbazian et al. [31] provide a more detailed explanation of the Single Hardening model formulation. The Single Hardening model is not available in ABAQUS [19] . Consequently, the most recent version of the model [22] was incorporated into ABAQUS using a usersupplied material (UMAT) subroutine that was linked with ABAQUS prior to executing the program.
In this section, the "base" model parameter values presented in the Base Configuration section were again used to simulate the behavior of CSEs with GECs. The encased granular soil was again assumed to be loose Sacramento River sand, and its behavior was simulated with both the Mohr-Coulomb and Single Hardening models. The Single Hardening model parameter values for Sacramento River sand given by Lade [36] were used in the numerical analyses (i.e., ν=0.20, M=510, λ=0.28, η 1 =28, m=0.093, C=1.27×10 −4 , p=1.65, ψ 2 =−3.72, μ=2.36, h=0.534, and α=0.794). Kaliakin et al. [24] provide further details pertaining to the calibration of the MohrCoulomb and Single Hardening model parameter values for Sacramento River sand. Figure 15 shows the effect of constitutive model selection for simulating the behavior of the encased granular soil on the average vertical stress that is carried by a GEC that is used in CSE construction. As evident from this figure, the vertical stress carried by the GECs is independent of the model that is used to simulate the behavior of the encased granular material. This is in agreement with the findings of Kaliakin et al. [24] , which showed that the constitutive model that is used to characterize the encased granular soil did not have a significant effect on the simulated behavior of a GEC for the case of a loose sand. Figure 16 shows the lateral displacements of a GEC for an embankment height of 5.0 m that are predicted by both encased granular soil constitutive models. From this figure, it is evident that the oscillations in the variation of lateral displacement of GECs that are usually observed when the encased granular soil is characterized by the MohrCoulomb model disappear when the same soil is characterized by the Single Hardening model. It is also interesting to note that even though the same value of vertical stress is transferred to the GECs, the maximum lateral displacement predicted by the MohrCoulomb model is 50 % greater than the maximum value calculated using the Single Hardening model. Since the mobilized hoop stresses in the geosynthetic encasement are directly related to the lateral displacement of the GEC, the Mohr-Coulomb model significantly overestimates the maximum value of hoop stresses in the encasement when compared to the results of the Single Hardening model.
More importantly, whereas the distribution of lateral displacements predicted by the Single Hardening model is smooth, the results predicted by the Mohr-Coulomb model exhibit a more oscillatory response. The precise reason for this lack of smoothness in the Mohr-Coulomb model results is not known; however, it is clear that these results are an artifact of the constitutive model, and are not representative of real column behavior. The following observations are pertinent to this conclusion: The mesh, applied loading, and Single Hardening Fig. 16 Effect of encased granular constitutive model on the lateral displacement of a GEC nodal specifications remain unchanged in the aforementioned analyses. In addition, both of the models under consideration are elastoplastic in nature, and both use a nonassociative flow rule. Where the models differ is in the analytical definition of elastic modulus (i.e., a constant elastic modulus in the Mohr-Coulomb model and a variable elastic modulus in the Single Hardening model), the shape of their respective failure surfaces and plastic potentials, and in the algorithms used in their numerical implementation within ABAQUS [19] . Since specific details pertaining to the implementation of the Mohr-Coulomb model in ABAQUS are not available, a more detailed conclusion about the root cause of this numerical discrepancy could not be drawn.
Conclusions
This paper has presented the results of three-dimensional unit cell finite element analyses that were carried out to investigate the relative importance of different factors affecting the behavior of CSEs when GECs are used as the deep foundation elements.
Analyses were first performed to study the influence of geosynthetic encasement on the behavior of GCs in CSEs. Parametric analyses were then carried out to study the effect of the stiffness of the geosynthetic encasement, the area replacement ratio, and the length of geosynthetic encasement on the performance of CSEs. Finally, the sensitivity of the numerical results to the constitutive model that was used to simulate the behavior of the granular column material was examined, with a particular focus on the lateral displacement behavior of the GECs. The following conclusions were reached based on the results of the finite element analyses that were performed:
& Encasing a GC improves the performance of the CSE by significantly increasing the embankment loads that are transferred to the column and reducing both the SRR and the settlement reduction ratio. Encasement also enhances the behavior of the GC by substantially reducing its lateral displacement into the soft surrounding foundation soil. & No agreement was found between the calculated values of the SRR from finite element analyses and those from ten existing analytical solutions. For GECs, the analytical solutions tended to considerably overestimate the value of the SRR. In the case of GCs, these solutions significantly underestimated the value of the SRR. & Increasing the stiffness of the geosynthetic encasement in GECs can significantly improve the performance of CSEs. Increases in the encasement stiffness increase the embankment loads transferred to the GECs and reduce the vertical displacements. Although using a stiffer encasement increases the embankment loads transferred to the GEC, it also reduces the lateral displacement of the column. & As the area replacement ratio increases, both the loads carried by the GECs and the settlement reduction ratio of the CSEs decrease. & For partially encased GECs with a length of encasement greater than or equal to 2D (where D is the diameter of the GEC), the embankment load transferred to the GEC is independent of the length of encasement. Even though the loads carried by partially encased GECs with a length of encasement greater than or equal to 2D were equal, increasing the length of the encasement further decreased the values of maximum vertical displacement. This difference in the values of maximum vertical displacement became more pronounced as the height of embankment increased. The same trend was also found for the lateral displacement of the GECs. In particular, except at lower embankment heights, higher values of lateral displacement were calculated for GECs with shorter length of encasement. As a result, it is concluded that the suitability of partially encased columns is related to the limitations in vertical and lateral displacements, rather than to the loads carried by the GECs. & It has been reported by other researchers who used the Mohr-Coulomb model to numerically simulate the behavior of GECs that the lateral displacement of GECs (especially in group configurations) can exhibit oscillations along the length of the column. The strange shape of the model-predicted lateral displacement of GECs is sometimes erroneously attributed to the formation of shear bands within the column (e.g., [12] ), which in fact cannot be predicted using the Mohr-Coulomb model. More precisely, in granular soils, shear bands typically form in the "post-peak" or softening region. Since the Mohr-Coulomb model exhibits perfect plasticity, it cannot properly account for the formation of shear bands. Numerical results showed that using the Single Hardening model not only solves this problem but also reduces the maximum value of lateral displacement from that calculated using the Mohr-Coulomb model. The precise reason for this lack of smoothness is not known. However, the mesh, applied loading, and nodal specifications remained unchanged in the aforementioned analyses. In addition, both of the models under consideration are elastoplastic in nature, and both use a non-associative flow rule. Where the models differ is in the shape of the respective failure surfaces and plastic potentials, and in the algorithms used in their numerical implementation within the ABAQUS computer program [19] . Since specific details pertaining to the implementation of the Mohr-Coulomb model in ABAQUS are not available, more detailed conclusions than these could not be drawn. 
